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Abstract
Warren Sinnott gave a proof that Iwasawa’s -invariant vanishes for the basic Zp-extension
of any abelian number ﬁeld by computing -transforms of rational functions. We present a new
proof of this fact, and also give an upper bound on the corresponding -invariant.
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1. Introduction
In [2], Sinnott gave an elegant new proof of the theorem of Ferrero and Washington
that the Iwasawa -invariant is zero for the basic Zp-extension of any abelian number
ﬁeld. His method involved analyzing the associated p-adic L-function as (essentially)
a -transform of a rational function. The present paper strengthens the results of [2]
by giving bounds for the -invariant of such an L-function, as well as a different proof
that the -invariant is zero.
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2. Notation and deﬁnitions
Let o be the ring of integers of some ﬁnite extension E of Qp, for some prime p > 2.
Let  be a uniformizing parameter for o, and let q = [o : o]. Let R = o[[T − 1]],
the ring of formal power series in T − 1 with coefﬁcients in o. Give R the topology
generated by the ideal (, T−1). Then R is isomorphic to the ring of o-valued measures
on Zp under convolution. Speciﬁcally, let  denote the latter ring. We have the Iwasawa
isomorphism
 : → R,  →
∞∑
k=0
ak(T − 1)k
given by
ak =
∫
Zp
(
x
k
)
d(x). (1)
Next we recall the deﬁnitions of the Iwasawa invariants of a power series.
Deﬁnition 1. Let F =∑∞n=0 an(T − 1)n be a nonzero element of R. The -invariant
and the -invariant of F are given, respectively, by
(F ) = min{ord(an) : n0} (2)
and
(F ) = min{n : ord(an) = (F )}. (3)
We deﬁne T x for a p-adic integer x as would be expected:
T x := (1+ (T − 1))x :=
∞∑
n=0
(
x
n
)
(T − 1)n. (4)
This gives an embedding of topological groups
(Zp,+) ↪→ R×, x → T x.
Deﬁnition 2. An element F of R is a pseudo-polynomial if it can be written
F =
n∑
k=1
ckT
k (ﬁnite sum)
with k ∈ Zp, ck ∈ o. A pseudo-rational function is a ratio of pseudo-polynomials.
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Let V denote the set of roots of unity in Zp, and let U = 1 + pZp. We ﬁx a
topological generator u of U .
Deﬁnition 3. For F(T ) ∈ R, the -transform of F is
(F (T )) =
∑
	∈V
F (T 	). (5)
Note that if F(T ) corresponds to the measure , then (F (T )) corresponds to the
measure 
 =∑	∈V  ◦ 	, as in [2].
Deﬁnition 4. Let F(T ) ∈ R. Let 
 be the measure associated to (F (T )) under the
Iwasawa isomorphism. The -transform of F(T ) is the power series G(T ) associated to
the measure 
◦, where  : Zp → U is given by (y) = uy . We write G(T ) = F (T ).
3. Some results on formal power series
Lemma 5. Let F = ∑nk=1 ckT k be a pseudo-polynomial, with 1, . . . , n distinct
elements of Zp and ck ∈ o− {0}. Then
(F ) = min{ord(ck) : 1kn} (6)
and
(F ) < pN+1, (7)
where
N = max{ordp(i − j ) : i = j}. (8)
Proof. By dividing F by the appropriate power of , it sufﬁces to prove the lemma in
the case when not all of the ck’s are in o. Let N be as above. For each k between 1 and
n, choose an ordinary integer ak ∈ Z, 0ak < pN+1 congruent to k modulo pN+1.
Then the ak’s are distinct by choice of N . Working in the ring S = R/(, (T −1)pN+1),
we see that T k and T ak have the same image in S. But since {T 0, T 1, . . . , T pN+1−1}
is an Fq -basis for S, we are done. 
Deﬁnition 6. If n is a nonnegative integer, then the nth level of Zp is
Ln = {x + pnZp : x ∈ Zp}. (9)
The following result relates the Iwasawa invariants of a power series directly to its
associated measure.
92 S.J. Rosenberg / Journal of Number Theory 109 (2004) 89–95
Lemma 7. Let F(T ) ∈ R, with associated measure . Then
(F ) = min
n
{ord((H)) : H ∈ Ln}, (10)
and
pl−1(F ) < pl, (11)
where
l = l(F ) = min{n ∈ Z0 : ord((H)) = (F ) for some H ∈ Ln}. (12)
Proof. The formula for (F ) is just a rewording of [1, Chapter 4, Theorem 1.4]. For
the second part, we may assume without loss of generality that (F ) = 0. Suppose
that (H) ∈ o for all H ∈ Ln, and pick k such that 0k < pn. We observe that an
approximation to ak at the nth level,
ak ≈
∑
H∈Ln
(
xH
k
)
(H) (13)
with xH ∈ H , is accurate modulo o. To see this, consider a reﬁned approximation to
ak at the (n+m)th level. We break up each term in (13) into a sum:
(
xH
k
)
(H) →
pm−1∑
a=0
(
xH + apn
k
)
(Ha), (14)
where
Ha = xH + apn + pn+mZp. (15)
Using the fact that
(
xH + apn
k
)
≡
(
xH
k
)
(mod p) (16)
when 0k < pn (see, e.g., the proof of [1, Chapter 4, Theorem 1.3]) we ﬁnd that
our reﬁned estimate of ak at level n + m agrees with the original estimate in (13)
modulo o.
Thus ak ∈ o for all k : 0k < pn, which establishes the ﬁrst inequality. Conversely,
we know that the linear system (13) for k : 0k < pn must be nondegenerate modulo
S.J. Rosenberg / Journal of Number Theory 109 (2004) 89–95 93
o because its matrix [( j
k
)]0 j,kpn−1 is triangular with 1’s on the main diagonal
(alternatively, we could appeal to the surjectivity of the Iwasawa isomorphism); thus,
if ak ∈ o for all k : 0k < pn, then we must have (H) ∈ o for all H ∈ Ln. This
ﬁnishes the result. 
The previous result can be used to show that composing with  (after applying )
does not affect the Iwasawa invariants very much. This is the import of the next lemma.
Lemma 8. Let F(T ) ∈ R be such that (F ) is nonzero. Suppose that the support of
the measure associated to F(T ) is contained in Z×p . Then
(F ) = ((F )) (17)
and
l(F ) =
{
l((F ))− 1 if l((F ))1;
0 if l((F )) = 0. (18)
Proof. Let 
 be the measure associated to (F ), and let m = ((F )). By Lemma 7,
there is a compact open set H ∈ Ln for some level n such that ord(
(H)) = m. By
replacing H by an appropriate compact open subset of H if necessary, we may assume
n1. Now 
 is also supported on Z×p , so H ⊆ Z×p and we can ﬁnd 	 ∈ V such that
	H ⊆ U . Thus 	H = (J ) for some compact open J ∈ Ln−1. So 
((J )) = 
(	H) =

(H), which by Lemma 7 implies (F )m. But since the values of 
◦ on compact
open subsets of Zp are a subset of the values of 
, we also have (F )((F )) = m.
This proves (17).
Formula (18) now follows from Lemma 7 since  takes LN to LN+1. 
4. Application to p-adic L-functions
Deﬁnition 9. Let  : Z→ o be an odd, periodic function with period f . As in [2], set
F(T ) = F(T ) =
∑f
a=1 (a)T a
1− T f =
∑f−1
a=1 (a)T a
1− T f . (19)
Suppose that F(T ) ∈ R (this is true, e.g., if p |/ f ). Then the p-adic L-function asso-
ciated to  is
Lp() = F (T −1). (20)
Theorem 10. Let  : Z→ o be an odd, periodic function with period f . Suppose that
F(T ) ∈ R − {0}, with the associated measure supported on Z×p . Let G(T ) = Lp().
Then
(G) = min{ord((a)) : 1af − 1} (21)
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and
(G)(2f (p − 1))(p−1), (22)
where  is the Euler phi function.
Proof. Let F = F and write
F(T ) =
∑f−1
k=1 ckT k
1− T f (23)
with ck = (k). Composing with T −1 in Deﬁnition 9 does not change  or . We begin
by computing (G), which equals ((F )) by Lemma 8; that (F ) = 0 follows from
the following computation. Since  is o-linear, for this computation we may assume
that not all of the ck’s are in o. Let m = max{k : ck /∈ o}. We have
(F ) =
∑
	∈V
∑f−1
k=1 ckT k	
1− T f 	 (24)
=
∑
	∈V
(∑f−1
k=1 ckT k	
)∏
∈V,=	(1− T f)∏
	∈V (1− T f 	)
. (25)
We can write the numerator of this fraction as
∑
	∈V
m∑
k=1
∑
S⊆V−{	}
ck(−1)|S|T k	+t (S)f (26)
modulo o, where t (S) = ∑∈S . The denominator has a -invariant of 0, so does
not affect the computation. Now we ﬁx an embedding of Zp into the ﬁeld of complex
numbers. Set
M = { ∈ V : Im() > 0}, (27)
t =
∑
∈M
, (28)
where Im() denotes the imaginary part of the complex number .
Among the exponents k	+ t (S)f occurring in (26), the maximum imaginary part is
Im(t)f , attained precisely when 	 ∈ {1,−1} and M ⊆ S ⊆ M ∪ {1,−1}. Among the
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exponents attaining this imaginary part, a real part of Re(t)f +m is attained precisely
when 	 = 1, S =M, k = m or 	 = −1, S =M ∪ {1}, k = f −m.
So the coefﬁcient of T f t+m in expression (26) is just
(−1)|M|(cm − cf−m) = 2cm(−1)|M|.
Since p > 2 and since cm /∈ o, we may use Lemma 5 to conclude the proof of
formula (21).
For the bound on , we use the estimate of Lemma 5 on the numerator of (F ).
This is permissible since dividing by 1 − T 	f (for 	 ∈ V ) can only decrease the -
invariant, and (F )((F )) by Lemma 7. Note that if  is the difference of any two
exponents occurring in this numerator, then the complex absolute value of  satisﬁes
||2f (p− 1), and the same is true of any Q-conjugate of . If pN divides  in Zp,
then pN divides the norm NQ(V )/Q() in Z. Since [Q(V ) : Q] = (p − 1), we have
the desired result. 
Remark 11. Our bound for  is extremely crude. Washington has suggested [1, Chapter
10] that the -invariants should (on average) be much smaller.
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